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GEODESIC ORBIT METRICS ON COMPACT SIMPLE LIE GROUPS ARISING
FROM GENERALIZED FLAG MANIFOLDS
HUIBIN CHEN, ZHIQI CHEN AND JOSEPH A. WOLF
Abstract. In this paper, we investigate left-invariant geodesic orbit metrics on connected simple Lie
groups, where the metrics are formed by the structures of generalized flag manifolds. We prove that all
these left-invariant geodesic orbit metrics on simple Lie groups are naturally reductive.
1. Introduction
For a homogeneous Riemannian manifold (M = G/H, g), where H is a compact subgroup of G, g is a
G-invariant Riemannian metric on M . If any geodesic of M is the orbit of some 1-parameter subgroup
of G, then M is called a geodesic orbit space (g.o. space) and the metric g is called a geodesic orbit
metric (g.o. metric). A complete Riemannian manifold (M, g) is called geodesic orbit if it is a geodesic
orbit space with respect to its whole connected isometry group. This terminology was introduced by O.
Kowalski and L. Vanhecke in [9], where they started a systematic research of geodesic orbit manifolds
and gave the classification results with dimension up to 6.
After that many mathematicians obtained the classification results with some special settings, the
authors can refer to [11], [13], [6] and the reference therein for more information.
In [10], Nikonorov started to investigate g.o. metrics on compact simple Lie groups G with isometry
group G×K where K is a compact subgroup of G and he obtained an equivalent algebraic condition for
g.o. spaces. In [7], the three authors showed that all the g.o. metrics on compact Lie groups arising from
generalized Wallach spaces are naturally reductive.
In this paper, we investigate all the geodesic orbit metrics on compact simple Lie groups G with the
structure from generalized flag manifolds. By using the structure of generalized, we prove that all these
g.o. metrics are naturally reductive with respect to G×K.
This paper is organized as follows: in section 2, we introduce the definition and structure of generalized
flag manifolds along with some basic facts on g.o. metrics on compact simple Lie groups. In section 3, we
prove all these g.o. metrics are naturally reductive by using the structure of generalized flag manifolds.
2. Geodesic orbit metrics on compact simple Lie groups and generalized flag manifolds
We first recall some basic conceptions. LetK be a closed subgroup of Lie group G, a G-invariant metric
g on M = G/K corresponds to an Ad(K)-invariant scalar product ( , ) on m = ToM and vice versa. The
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metric g is called standard if the scalar product ( , ) on m is the restriction of B, where B is the minus
of Killing form of g. For a given non-degenerate Ad(K)-invariant scalar product ( , ) on m, there exist
an Ad(K)-invariant positive definite symmetric operator A on m such that (x, y) = B(Ax, y)(x, y ∈ m).
Conversely, any such operator A determines an Ad(K)-invariant scalar product (x, y) = B(Ax, y) on m.
We call such A a metric endomorphism. A homogeneous Riemannian metric on M = G/K is called
naturally reductive if
([Z,X ]m, Y ) + (X, [Z, Y ]m) = 0, ∀X,Y, Z ∈ m.
In [2], there is an equivalent algebraic description of g.o. metrics on M = G/K, we recall it below:
Theorem 2.1 ([2] Corollary 2). Let (M = G/K, g) be a homogeneous Riemannian manifold. Then M
is geodesic orbit space if and only if for every X ∈ m there exists an a(X) ∈ k such that
[a(X) +X,AX ] ∈ k,
where A is the metric endomorphism.
According to the Ochiai-Takahashi theorem [12], the full connected isometry group Isom(G, g) of a
simple compact Lie group G with a left-invariant Riemannian metric g contains in the group L(G)R(G),
the product of left and right translations. Hence G is a normal subgroup in Isom(G, g), which is locally
isomorphic to the group G×K, where K is a closed subgroup of G, with action (a, b)(c) = acb−1, where
a, c ∈ G and b ∈ K.
In [3], Alekseevski and Nikonorov showed that if we choose G as the isometry group of the compact
Lie group G with a left-invariant Riemannian metric, then
Proposition 2.2 ([3] Proposition 8). A compact Lie group G with a left-invariant metric g is a g.o.
space if and only if the corresponding Euclidean metric ( , ) on the Lie algebra g is bi-invariant.
In [10], Nikonorov consider the isometry group of compact simple Lie group G as G × K, where K
is a closed subgroup of G. Then he obtained the equivalent algebraic description of g.o. metrics g on
compact simple Lie groups G:
Theorem 2.3 ([10] Proposition 10). A simple compact Lie group G with a left-invariant Riemannian
metric g is a geodesic orbit manifold if and only if there is a closed connected subgroup K of G such
that for any X ∈ g there is W ∈ k such that for any Y ∈ g the equality ([X +W,Y ], X) = 0 holds or,
equivalently, [A(X), X +W ] = 0, where A : g→ g is a metric endomorphism.
Let B denote the minus of Killing form of g, the Lie algebra of G.
( , ) = A0B( , )|k0 + x1B( , )|k1 + · · ·+ xpB( , )|kp + y1B( , )|m1 + · · ·+ yqB( , )|mq , (2.1)
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where k is the Lie algebra of K and k = k0⊕k1⊕· · · kp is the decomposition of k into non-isomorphic simple
ideals and center, m is the B-orthogonal component of k and m = m1 ⊕ · · · ⊕mq is the decomposition of
m into Ad(K)-irreducible and non-equivalent modules. We denote A as diag{x1, · · · , xp, y1, · · · , yq}, A
is clearly the metric endomorphism.
D’ Atri and Ziller [8] have investigated naturally reductive metrics among the left-invariant metrics
on compact Lie groups, and have given a complete classification in the case of simple Lie groups. The
following is a description of naturally reductive left-invariant metrics on a compact simple Lie group:
Theorem 2.4 ([8] Theorem 1, Theorem 3). Under the notations above, a left-invariant metric on G of
the form
( , ) = xB|m +A0|k0 + u1B|k1 + · · ·+ upB|kp , (x, u1, · · · , up ∈ R+) (2.2)
is naturally reductive with respect to G×K, where G×K acts on G by (g, k)y = gyk−1, where A0 is an
arbitrary metric on k0. Conversely, if a left-invariant metric ( , ) on a compact simple Lie group G is
naturally reductive, then there exists a closed subgroup K of G such that the metric ( , ) is given by the
form (2.2).
We have the following corollary:
Corollary 2.5. Let g of the form (2.1) be a non-naturally reductive g.o. metric on compact Lie group
G and let g˜ be the restriction of g on m, denote the corresponding metric endomorphism by A and A˜,
respectively. Then (M = G/K, g˜) is a g.o. metric on M not homothetic to the standard metric.
Proof. Since g is a g.o. metric on G, then by Theorem 2.3, we have for any X ∈ m, there exists W ∈ k
such that
[W +X,A(X)] = [W +X, A˜(X)] = 0 ∈ k,
by Theorem 2.1, (M = G/K, g˜) is a g.o. space. From Theorem 2.4, we know g˜ is not homothetic to the
standard metric because g is non-naturally reductive. 
Next, we will introduce some basic conceptions on generalized flag manifold.
Definition 2.6 ([5]). A generalized flag manifold is a homogeneous space of the form G/K = G/C(S),
where G is a compact Lie group and S is a torus in G. If the torus S is a maximal torus in G, say T ,
then G/T is called a flag manifold.
Let G/K = G/C(S) be a generalized flag manifold, where G is a compact semisimple Lie group and
S is a torus in G, here C(S) denotes the centralizer of S in G. Let g and k be the Lie algebras of the
Lie groups G and K respectively, and gC and kC be the complexifications of g and k respectively. Let
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g = k ⊕ m be a reductive decomposition with respect to B with [k,m] ⊂ m. Let T be a maximal torus
containing S. Then this is a maximal torus in K. Let h be the Lie algebra of T and hC its complex. Then
hC is a Cartan subalgebra of gC. Let R be a root system gC with respect to hC and gC = hC ⊕∑α∈R gCα
be the root space decomposition.
Obviously, kC contains hC, so there exist a subset RK of R such that k
C = hC +
∑
α∈RK
gCα. We can
choose Π and ΠK to be simple roots of R and RK respectively such that ΠK ⊂ Π. Let RM = R \ RK ,
then we have mC =
∑
α∈RM
gCα and
gC = hC ⊕
∑
α∈RK
gCα ⊕
∑
α∈RM
gCα.
We choose a Weyl basis {Hα, Eα|α ∈ R} in gC with B(Eα, E−α) = 1, [Eα, E−α] = Hα and
[Eα, Eβ ] =


0 if α+ β /∈ R and α+ β 6= 0
Nα,βEα+β if α+ β ∈ R,
where Nα,β(6= 0) is the structure constant with Nα,β = −N−α,−β and Nα,β = −Nβ,α. The following is a
compact real form of gC:
gµ =
∑
α∈R+
R
√−1Hα ⊕
∑
α∈R+
(RAα + RBα),
where R+ is the positive root system of g and Aα = Eα − E−α, Bα =
√−1(Eα + E−α). Since any two
compact real forms of gC are conjugated, we can identify g with gµ. If we set R
+
M = R
+ \ R+K , then we
have
k =
∑
α∈R+
R
√−1Hα ⊕
∑
α∈R+
K
(RAα + RBα),
m =
∑
α∈R
+
M
(RAα + RBα).
The next lemma shows the bracket computation of g which we will make much use of in the proof of
our main theorem.
Lemma 2.7. The Lie bracket among the elements of {Aα = Eα−E−α, Bα =
√−1(Eα+E−α),
√−1Hβ ∈
R+, β ∈ Π} of g are given by
[
√−1Hα, Aβ ] = β(Hα)Bβ , [Aα, Aβ ] = Nα,βAα+β +N−α,βAα−β(α 6= β),
[
√−1Hα, Bβ ] = −β(Hα)Aβ , [Bα, Bβ] = −Nα,βAα+β −Nα,−βAα−β(α 6= β),
[Aα, Bα] = 2
√−1Hα, [Aα, Bβ] = Nα,βBα+β +Nα,−βBα−β(α 6= β),
where Nα,β are the structural constants in Weyl basis.
In generalized flag manifolds, the so-called t-roots play an very important role which we will introduce
in the following.
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From now on we fix a system of simple roots Π = {α1, · · · , αr, φ1, · · · , φk} of R, so that ΠK =
{φ1, · · · , φk} is a basis of the root system RK and ΠM = Π \ ΠK = {α1, · · · , αr}(r + k = l). Let
{hα1 , · · · , hαr , hφ1 , · · · , hφk} be the fundamental weights. Let
t = z(kC) ∩ √−1h,
where z(kC) is the center of kC. Consider the restriction map pi : (hC)∗ → t∗ defined by pi(α) = α|t, and
set Rt = pi(R) = pi(RM ). t-roots are the elements of Rt. For an invariant ordering R
+
M = R
+\R+K in RM ,
we set R+
t
= pi(R+M ) and R
−
t
= −R+
t
. It is obvious that R−
t
= pi(R−M ), thus the splitting Rt = R
−
t
∪R+
t
defines an ordering in Rt. A t-root ξ ∈ R+t (respectively ξ ∈ R−t ) will be called positive (respectively
negative). A t-root is called simple if it is not a sum of two positive t-roots.
Theorem 2.8 ([4] Corollary 3.1). There is one-to-one correspondence between t-roots and complex irre-
ducible ad(kC)-submodules mξ of m
C. This correspondence is given by
Rt ∋ ξ ↔ mξ =
∑
α∈RM ,pi(alpha)=ξ
CEα,
Hence mC =
∑
ξ∈Rt
mξ. Moreover, these submodules are non-equivalent ad(k
C)-modules.
Since the complex conjugation τ : gC → gC with respect to the compact real form g interchanges the
root spaces, a decomposition of the real ad(k)-module m = (mC)τ into real irreducible ad(k)-submodule
is given by
m =
∑
ξ∈R
+
t
(mξ ⊕m−ξ)τ , (2.3)
where V τ denotes the set of fixed points of the complex conjugation τ in a vector subspace V ⊂ gC. If
we set R+
t
= {ξ1, · · · , ξs}, then according to (2.3) each real irreducible ad(k)-submodule mi = (mξi ⊕
m−ξi)
τ (1 ≤ i ≤ s) corresponding to the positive t-roots ξi, is given by
mi =
∑
α∈R
+
M
,pi(α)=ξi
(RAα + RBα).
3. Main theorem and its proof
In this section, we will claim our main theorem and prove it.
Theorem 3.1. All the g.o. metrics on compact simple Lie groups G of the form (2.1) arising from
generalized flag manifold are naturally reductive.
In [2], the authors investigated all g.o. metrics on generalized flag manifolds (they called them flag
manifolds in their paper) of compact simple Lie groups and they proved that only SO(2l+1)/U(l)(l ≥ 2)
and Sp(l)/U(1)Sp(l − 1)(l ≥ 3) can admit g.o. metrics not homothetic to the standard metrics. As a
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result of Corollary 2.5, we only need to consider whether there are non-naturally reductive g.o. metrics on
SO(2l+1)(l ≥ 2) and Sp(l)(l ≥ 3) with the corresponding metric forms. For these two special generalized
flag manifolds, the metric for (2.1) can be simplified as follows:
( , ) = B( , )|u(1) + uB( , )|k0 + xB( , )|m1 + yB( , )|m2 , (3.1)
where u(1) is a 1-dimensional center of k and k0 is a simple Lie algebra.
When apply Theorem 2.3 to the metric form (3.1), we can immediately obtain the following equivalent
description of g.o. metric of this form:
Theorem 3.2. Compact simple Lie group G with the left-invariant metric induced by (3.1) is a geodesic
orbit space if and only if for any T ∈ u(1), H ∈ k0, X1 ∈ m1, X2 ∈ m2, there exists K ∈ k such that the
following three conditions hold:
(1) [H,K] = 0;
(2) [(x− 1)T + (x − u)H + xK + (x− y)X2, X1] = 0;
(3) [(y − 1)T + (y − u)H + yK,X2] = 0.
In the following, we will prove all the g.o. metrics of the form (3.1) on SO(2l+1)(l ≥ 2) and Sp(l)(l ≥ 3)
are naturally reductive for each case.
3.1. Case of SO(2l+ 1). The painted Dynkin diagram of this case is
Bl : ◦ ◦ . . . . . . ◦ > •
α1 α2 αl−1 αl
Hence we can give the basis for each of the four parts in the decomposition so(2l+1) = u(1)⊕ su(l)⊕
m1 ⊕m2.
u(1) = SpanR{
√−1Hαl},
su(l) = SpanR{Aα, Bα,
√−1Hβ |α = αp + · · ·+ αk, 1 ≤ p ≤ k ≤ l − 1;β = αp, 1 ≤ p ≤ l − 1},
m1 = SpanR{Aα, Bα|α = αk + · · ·+ αl−1 + αl, 1 ≤ k ≤ l},
m2 = SpanR{Aα, Bα|α = αk + · · ·+ 2αp + · · ·+ 2αl, 1 ≤ k < p ≤ l}.
Then we choose T =
√−1Hαl , H =
∑l−1
i=1
√−1Hαi , X1 = Bαl , X2 = Aα1+···+αl−1+2αl and we assume
the metric of the form (3.1) is a g.o. metric, by Theorem 3.2, there exists some K ∈ k such that
(1) [H,K] = 0;
(2) [(x− 1)T + (x − u)H + xK + (x− y)X2, X1] = 0;
(3) [(y − 1)T + (y − u)H + yK,X2] = 0.
From (2), we have [(x− 1)√−1Hαl + (x− u)
∑l−1
i=1
√−1Hαi + xK,Bαl ] = (y− x)[Aα1+···+αl−1+2αl , Bαl ].
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By Lemma 2.7, we have
[(x− 1)√−1Hαl + (x− u)
l−1∑
i=1
√−1Hαi + xK,Bαl ] = (y − x)Nα1+···+αl−1+2αl,−αlAα1+···+αl−1+αl .
We next prove that there is no Aα1+···+αl−1+αl -component in [(x−1)
√−1Hαl+(x−u)
∑l−1
i=1
√−1Hαi+
xK,Bαl ], in fact, we only need to show K doesn’t contain Bα1+···+αl−1 -component by Lemma 2.7. If K
contains Bα1+···+αl−1 -component, then
[
l−1∑
i=1
√−1Hαi , Bα1+···+αl−1 ] = −
l−1∑
i=1
(α1 + · · ·+ αl−1)(Hαi)Aα1+···+αl−1 (3.2)
= −
l−1∑
i=1
< α1 + · · ·+ αl−1, αi > Aα1+···+αl−1 (3.3)
From Bl’s Cartan matrix, we know [
∑l−1
i=1
√−1Hαi , Bα1+···+αl−1 ] 6= 0, which is a contradiction to (1)
above. As a result, there is no Aα1+···+αl−1+αl -component in [(x− 1)
√−1Hαl +(x− u)
∑l−1
i=1
√−1Hαi +
xK,Bαl ]. Hence, x = y. By Theorem 2.4, g.o. metrics on SO(2l + 1) of the form (3.1) are naturally
reductive with respect to SO(2l+ 1)×U(l).
3.2. Case of Sp(l). The painted Dynkin diagram of this case is
Cl : • ◦ . . . . . . ◦ < ◦
α1 α2 αl−1 αl
The basis of each part of the decomposition sp(l) = u(1)⊕ sp(l − 1)⊕m1 ⊕m2 are as follows:
u(1) = SpanR{
√−1Hα1},
sp(l − 1) = SpanR{Aα, Bα,
√−1Hβ |β = αi(2 ≤ i ≤ l);α = αp + · · · + αk(2 ≤ p ≤ k ≤ l) or α =
αp + αp+1 + · · ·+ 2αk + · · ·+ 2αl−1 + αl(2 ≤ p ≤ k ≤ l − 1)},
m1 = SpanR{Aα, Bα|α = α1 + · · ·+αk(1 ≤ k ≤ l) or α = α1 +α2 + · · ·+2αp+ · · ·+2αl−1 +αl(2 ≤ p ≤
l − 1)},
m2 = SpanR{A2α1+···+2αl−1+αl , B2α1+···+2αl−1+αl}.
We assume the metric of the form (3.1) on Sp(l) is a g.o. metric, then for T =
√−1Hα1 , H =
∑l
i=2
√−1Hαi , X1 = Bα1 , X2 = A2α1+···+2αl−1+αl , by Theorem 3.2, there exists some K ∈ k such that
(1) [H,K] = 0;
(2) [(x− 1)T + (x − u)H + xK + (x− y)X2, X1] = 0;
(3) [(y − 1)T + (y − u)H + yK,X2] = 0.
From (2) above, we have [(x−1)√−1Hα1+(x−u)
∑l
i=2
√−1Hαi+xK,Bα1 ] = (y−x)[A2α1+···+2αl−1+αl , Bα1 ].
By Lemma 2.7, we have
[(x− 1)√−1Hα1 + (x− u)
l∑
i=2
√−1Hαi + xK,Bα1 ] = (y − x)N2α1+···+2αl−1+αl,−α1Aα1+2α2+···+2αl−1+αl .
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We next prove that there is noAα1+2α2+···+2αl−1+αl-component in [(x−1)
√−1Hα1+(x−u)
∑l
i=2
√−1Hαi+
xK,Bα1 ], in fact, we only need to show K doesn’t contain B2α2+···+2αl−1+αl -component by Lemma 2.7.
If K contains B2α2+···+2αl−1+αl-component, then
[
l∑
i=2
√−1Hαi , B2α2+···+2αl−1+αl ] = −
l∑
i=2
(2α2 + · · ·+ 2αl−1 + αl)(Hαi)A2α2+···+2αl−1+αl (3.4)
= −
l∑
i=2
< 2α2 + · · ·+ 2αl−1 + αl, αi > A2α2+···+2αl−1+αl (3.5)
From Cl’s Cartan matrix, we know [
∑l
i=2
√−1Hαi , B2α2+···+2αl−1+αl ] 6= 0, which is a contradiction
to (1) above. As a result, there is no Aα1+2α2+···+2αl−1+αl-component in [(x − 1)
√−1Hα1 + (x −
u)
∑l
i=2
√−1Hαi + xK,Bα1 ]. Hence, x = y. By Theorem 2.4, g.o. metrics on Sp(l) of the form (3.1) are
naturally reductive with respect to Sp(l)× (U(1)× Sp(l − 1)).
We complete the proof of Theorem 3.1.
Remark 3.3. For the details of the relationship between painted Dynkin diagrams and generalized flag
manifolds, the readers can refer to [1] and [5] for more information.
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